It is known that the Selberg zeta function for the modular group has an expression in terms of the class numbers and the fundamental units of the indefinite binary quadratic forms. In the present paper, we generalize such a expression to any congruence subgroup of the modular groups in SL 2 (R) and SL 2 (C).
Introduction
Let H be the upper half plane with the hyperbolic metric and Γ a discrete subgroup of SL 2 (R) such that the volume of Γ\H is finite. We denote by Prim(Γ) the set of primitive hyperbolic conjugacy classes of Γ and N(γ) the square of the larger eigenvalue of γ ∈ Prim(Γ). The Selberg zeta functions for Γ are defined as follows.
(1 − N(γ) −s−n ) Res > 1.
It is known that Z Γ (s) is analytically continued to the whole complex plane as a meromorphic function of order 2. By virtue of the analytic properties of Z Γ (s), we can obtain the following asymptotic formula called by the prime geodesic theorem (see, e.g., [He] ). (log t) −1 dt and the constant δ (0 < δ < 1) depends on Γ. When Γ = SL 2 (Z), since there is a one-to-one correspondence between elements of Prim(Γ) and equivalence classes of primitive indefinite binary quadratic forms, and N(γ) for γ ∈ Prim(Γ) coincides the square of the fundamental unit of the quadratic form corresponding to γ (see e.g. [G] ), we can express the Selberg zeta function and the prime geodesic theorem for Γ = SL 2 (Z) as follows (see [Sa1] ).
Res > 1, (1.1)
where D is the set of integers D > 0 such that D is not square and D ≡ 1, 0 mod 4, h(D) and ǫ(D) are respectively the class number and the fundamental unit of the discriminant D in the narrow sense. For a three dimensional hyperbolic manifolds whose fundamental group is SL 2 (O) where O is the integer ring of the imaginary quadratic field, similar expressions of the Selberg zeta function and the prime geodesic theorem were obtained in [Sa2] .
Such arithmetic expressions of the Selberg zeta functions essentially give those of the length spectra on the corresponding manifolds. Though it is not easy in general to study the distributions of the length spectra and its multiplicities in detail, by virtue of the expressions by h(D) and ǫ(D), the distributions of them for the cases of the modular group and the congruence subgroups could be studied by the classical tools in the analytic number theory (see [BLS] , [Pe] and [H2] ). Moreover, by writing down the prime geodesic theorem for the modular group with h(D) and ǫ(D), one can get the density formula of the sum of the class numbers with a different form to that conjectured by Gauss and proven by Siegel [Si] (see [Sa1] , [H1] and [H3] ).
The aim of the present paper is to generalize such arithmetic expressions of the Selberg zeta functions for congruence subgroups of SL 2 (Z) and SL 2 (O). For the groups Γ 0 (N), Γ 1 (N) and Γ(N) of SL 2 (Z), the author [H1] already gave explicit expressions of the logarithmic derivatives of the Selberg zeta functions in terms of the class numbers and the fundamental units. In the present paper, we show that the Selberg zeta functions for any congruence subgroup of SL 2 (Z) and SL 2 (O K ) are expressed in terms of the class numbers and the fundamental units such like (1.1).
Quadratic forms and modular groups
In this section, we give notations of the quadratic forms, explain the relations between the quadratic forms and elements in the modular group and study the difference between the conjugation in SL 2 (O) and that in SL 2 (O/n) for an integer ring O of an algebraic number fields and an ideal n in O.
Let K be an algebraic number field over Q such that [K : Q] < ∞ and O the ring of integers of K. We denote by b, c] and P (D) the set of solutions (t, u) ∈ O 2 of the Pell equation t 2 − Du 2 = 4. The set P (D) is an abelian group with the identity (2, 0) and the product
It is known that P (d) ≃ (Z/lZ) × Z where l is the number of roots of 1 in
Conversely, for γ = (γ i,j ) 1≤i,j≤2 ∈ SL 2 (O), we put
We note the following elementary facts without proofs.
Fact 2.1. Suppose that γ, γ 1 , γ 2 ∈ SL 2 (O) are not in the center of SL 2 (O). Then we have 
where C ∈ O satisfies that the discriminant of the quadratic form of the right hand side is
It is easy to see that I(D) is a finite abelian group with the identity [1, δ, (D − δ 2 )/4] and the product above, where δ ∈ O is taken as 4
Note that if the factorization of a in O is a = p p r and #O K /p = q (a power of a rational prime) then
We now study the conjugation in PSL 2 (O/a).
where ν ∈ (O/a) * and δ is taken as 2 | b + δ when gcd(a, 2) = 1 and is taken by 0 when gcd(a, 2) = 1. Then we have
Proof. When gcd(a, a) = 1, it is easy to see that there exists g ∈ PSL 2 (O/a) such that gcd (g −1 γg) 21 /u, a = 1. Then it is sufficiently to consider only the case for gcd(a, a) = 1.
a and α ∈ O/a, we have g ′ −1 γg ′ = γ ν where
This completes the proof.
Proof. For γ 1 , γ 2 ∈ I(t, u), denote by γ 1 * γ 2 := γ(Q γ 1 * Q γ 2 , (t, u)), where the product * in the right hand side is given by (2.3).
Fix γ ′ ∈ J i . It is easy to see that γ * γ ′ ∈ J i for any γ ∈ J 1 . When
where η ∈ (Z/pZ) × is a non-quadratic residue of p.
Proof. When (α/p) = 1, it is easy to see that {αl
2 is quadratic residue for any l ∈ (Z/pZ)
However (1/p) = (4/p) = 1. This contradicts to the assumption. Therefore the claim holds. 
Proof. When p = 2, let
We have
Then the relations γ 1 ∼ γ ν in (i) of the lemma are true. When p = 3 and 3 ∤ D γ , we have (g −1 γ 1 g) 21 ≡ 2u γ mod 3 r , where
Then we see that γ 1 ∼ γ 2 in PSL 2 (Z/3 r Z) if 3 ∤ D. When p ≥ 5, according to Lemma 2.3, we see that if p ∤ α the equation x 2 − αy 2 ≡ η mod p r has a solution such that p ∤ x or p ∤ y. For p ∤ D γ , let (l, m) ∈ (Z/p r Z) 2 be the solution of x 2 − 4 −1 Dy 2 ≡ η and
Then we have (g −1 γ 1 g) 21 /u ≡ η mod p r . This means that γ 1 is conjugate to γ η in PSL 2 (Z/p r Z). By virtue of 4. of Fact 2.1, we have 
Generalized Venkov-Zograf 's formula
In this section, we give a generalization of Venkov-Zograf's formula [VZ] used in the proof of the main theorem.
Let G be a connected non-compact semi-simple Lie group with finite center, and K a maximal compact subgroup of G. We put d = dim (G/K). We denote by g, k the Lie algebras of G, K respectively and g = k + p a Cartan decomposition with respect to the Cartan involution θ. Let a p be a maximal abelian subspace of p. Throughout this paper we assume that rank(G/K) = 1, namely dim a p = 1. We extend a p to a θ-stable maximal abelian subalgebra a of g, so that a = a p + a k , where a p = a ∩ p and a k = a ∩ k. We put A = exp a, A p = exp a p and A k = exp a k .
We denote by g C , a C the complexification of g, a respectively. Let Φ be the set of roots of (g C , a C ), Φ + the set of positive roots in Φ, P + = {α ∈ Φ + |α ≡ 0 on a p }, and P − = Φ + − P + . We put ρ = 1/2 α∈P + α. For h ∈ A and linear form λ on a, we denote by ξ λ the character of a given by ξ λ (h) = exp λ(log h). Let Σ be the set of restrictions to a p of the elements of P + . Then the set Σ is either of the form {β} or {β, 2β} with some element β ∈ Σ. We fix an element H 0 ∈ a p such that β(H 0 ) = 1, and put ρ 0 = ρ(H 0 ). Note that
Let Γ be a discrete subgroup of G such that the volume of X Γ = Γ\G/K is finite. We denote by Prim(Γ) the set of primitive hyperbolic conjugacy classes of Γ, and Z(Γ) the center of Γ. For γ ∈ Prim(Γ), we denote by h(γ) an element of A which is conjugate to γ, and h p (γ), h k (γ) the elements of A p , A k respectively such that h(γ) = h p (γ)h k (γ). Let N(γ) be the norm of γ given by N(γ) = exp (β(log (h p (γ)))).
For a finite dimensional representation χ of Γ, we define the Selberg zeta function as follows.
where L is the semi-lattice of linear forms on a given by
We note that the logarithmic derivative of the above is written as follows.
where D(γ) := α∈P + |1 − ξ α (h(γ)) −1 |. We now generalize the Venkov-Zograf formula [VZ] for two dimensional case as follows. 
where Ind
Proof. It is easy to see that, for γ ∈ Γ, there exist positive integers m 1 , · · · , m k and a complete system of representatives {a
Then by the definition of the induced representation, we see that
where S m i is given by
Then we have
According to Lemma 2.3 of [HW] , we see that (Ind Γ Γ ′ χ)(γ) is expressed as (3.2) if and only if a
(1 ≤ i ≤ k) are primitive and are not conjugate to each other in Γ ′ . This means that
We furthermore prepare the following two lemmas.
Lemma 3.2. (see [HW] ) Let Γ, Γ 1 , Γ 2 be discrete subgroups of
Then, for any γ ∈ Γ, we have
Lemma 3.3. Let Γ be a congruence subgroup of level N = p|N p r . Then we have
Proof. Put Γ p r = ΓΓ(p r ). It is easy to check that ∩ p|N Γ p r = Γ.
Main theorem and its proof
In the case of G = SO(2, 1) ≃ SL 2 (R) and G = SO(3, 1) ≃ SL 2 (C), the Selberg zeta function is written as follows.
where a(γ) is the eigenvalue of γ ∈ Prim(Γ) such that |a(γ)| > 1 and m(γ) is the order of the torsion of the centralizer of γ. Note that |a(γ)| 2 = N(γ). It is known that Γ = SL 2 (Z) and SL 2 (O) where O is the ring of integers of Q( √ −M ) and M > 0 is not square are discrete subgroups of G = SL 2 (R) and SL 2 (C) respectively such that the volume of Γ\G/K is finite.
Let
by the fundamental unit of D. Then the primitive element γ of SL 2 (O) is written as (2.1) for (t, u) = (t 1 , u 1 ). For such a γ, we see that a(γ) = ǫ(D) and N(γ) = |ǫ(D)| 2 . Since m(γ) = l, by using (t, u) ∈ P (D) with 0 ≤ arg ǫ(D) ≤ π/2, we see that the Selberg zeta function for Γ = SL 2 (O) as follows (see [Sa1] and [Sa2] ).
Res > 1,
Res > 2.
Let a be an ideal in O. We call that Γ ⊂ SL 2 (O) is a congruence subgroup of SL 2 (O) with the level a if Γ ⊃Γ(a) and Γ ⊃Γ(a ′ ) for any a ′ | a. The main result of the present paper is as follows. 
where γ ν and L a (t, u) are respectively defined in Lemma 2.1 and 2.2.
Proof. Since the expressions of the logarithmic derivatives of Z Γ (s) can be obtained easily from those of Z Γ (s), we treat only Z Γ (s). According to Lemma 3.1, we have
where χ Γ := Ind
1, we see that χ Γ (γ) ∼ χ Γ (γ ν i ). Then, from Lemma 2.2, we have This completes the proof of the main theorem for Z Γ (s). Getting the expressions for Z ′ Γ (s)/Z Γ (s) is not difficult.
Examples
In this section, we give two examples. For convenience, we put 
